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OGG’S TORSION CONJECTURE:

FIFTY YEARS LATER

JENNIFER S. BALAKRISHNAN AND BARRY MAZUR,
WITH AN APPENDIX BY NETAN DOGRA

Abstract. Andrew Ogg’s mathematical viewpoint has inspired an increas-
ingly broad array of results and conjectures. His results and conjectures have
earmarked fruitful turning points in our subject, and his influence has been
such a gift to all of us. Ogg’s celebrated torsion conjecture—as it relates to
modular curves—can be paraphrased as saying that rational points (on the
modular curves that parametrize torsion points on elliptic curves) exist if and
only if there is a good geometric reason for them to exist. We give a survey of

Ogg’s torsion conjecture and the subsequent developments in our understand-
ing of rational points on modular curves over the last fifty years.

Figure 1. Andrew Ogg; photo by George M. Bergman (Archives
of the Mathematisches Forschungsinstitut Oberwolfach)
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This paper expands the 45-minute talk that the second author gave at the conference at the

IAS celebrating the Frank C. and Florence S. Ogg Professorship in Mathematics.
And here’s just one (tiny) instance of Ogg’s jovial and joyful way of thinking: As Tate and

I recorded in one of our papers [72]: “Ogg passed through our town and mentioned that he had
discovered a point of order 19” on the Jacobian of X1(13), allowing us to feel that that Jacobian
was “not entitled to have” more than 19 points.
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1. An overview

Torsion in algebraic groups—even if not in that vocabulary—has played a fun-
damental role since Gauss’s Disquisitiones Arithmeticae (1801), the structure of
roots of unity (torsion in the multiplicative group) being a central concern in the
development of modern number theory.1 Let K be a number field, and denote by
GK its absolute Galois group, i.e.,

GK := Gal(K/K).

A basic question in the arithmetic of abelian varieties over number fields is to
classify (up to the natural notion of isomorphism) pairs

(A;C
α

↪−� A(K))

where

• A is a (polarized) abelian variety defined over K,
• C is a finite abelian group with a GK-action, and
• α is a GK-equivariant injection.

These are the three basic parameters in this general question, and you have your
choice of how you want to choose the range of each of them. For example, you can:

• allow the groups C to run through all cyclic finite groups with arbitrary
GK-action; and A to range through all abelian varieties with a specified
type of polarization. Equivalently, you are asking about K-rational cyclic
isogenies of abelian varieties, or

• restrict to finite groups C with trivial GK-action, in which case you are
asking about K-rational torsion points on abelian varieties,

• vary over a class of number fields K—e.g., number fields that are of a fixed
degree d over a given number field k, or

• fix the dimension of the abelian varieties you are considering.

If you organize your parameters appropriately you can “geometrize” your clas-
sification problem by recasting it as the problem of finding K-rational points on a
specific algebraic variety.

In more technical vocabulary: you have framed a representable moduli problem—
and the algebraic variety in question is called the moduli space representing that
moduli problem.

Some classical examples: Modular curves. Fixing N a positive integer and
sticking to elliptic curves, the moduli spaces for rational torsion points or cyclic
isogenies are smooth curves defined over Q:

torsion points of order N : Y1(N) X1(N)

cyclic isogenies of degree N : Y0(N) X0(N).

The elliptic curves defined over K possessing a K-rational point of order N are
classified by the K-rational points of the affine curve Y1(N)—and X1(N) is the
smooth projective completion of Y1(N) obtained by the adjunction of a finite set
of cusps.

1See Umberto Zannier’s expository article [105], Torsion in algebraic groups and problems which
arise.
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And, similarly, the classification of elliptic curves defined over K possessing a K-
rational cyclic isogeny of degree N is related to the K-rational points of the affine
curve Y0(N), which is a coarse moduli space. The curve X0(N) is the smooth
projective completion of the curve Y0(N).

The geometric formulation comes with a number of side-benefits. Here are two:

(1) If, say, the curve X0(N) is of genus 0—noting that one of the cusps (∞)
is defined over Q, it follows that there is a rational parametrization of
that curve over Q which gives us a systematic account (and parametriza-
tion); that is, a K-rational parametrization of cyclic N -isogenies of elliptic
curves—for any K.

(2) If it is of genus greater than 0, one has a Q-rational embedding (sending
the cusp ∞ to the origin)

X0(N) ↪−� J0(N)

of the curve in its Jacobian, which allows us to relate questions about K-
rational cyclic N -isogenies to questions about the Mordell–Weil group (of
K-rational points) of the abelian variety J0(N).

Besides being able to apply all these resources of Diophantine techniques, there are
the simple constructions that are easy to take advantage of.

For example, if you have a moduli space M whose K-rational points for every
number field K provides a classification of your problem over K, then, say, for
any prime p the set of K-rational points of the algebraic variety that is the p-
th symmetric power of M—denoted Symmp(M)—essentially classifies the same
problem ranging over all extensions of K of degree p. Given a variety V over a field
K, by a degree n point (of V over K) we mean a rational point of V over some
field extension of K of degree n. The degree 2 points are known as the quadratic
points.

As an illustration of this, consider cyclic isogenies of degree N and noting that
the natural Q-rational mapping

(1.1) Symmp(X0(N)) −� J0(N)

defined by

(x1, x2, . . . , xp) �� Divisor class of [
∑
i

xi − p · ∞]

has linear spaces as fibers, we get that the classification problem of all cyclic N -
isogenies of elliptic curves over all number fields of degree p is geometrically related,
again, to the Mordell–Weil group of J0(N) over Q.

A particularly nice example of this strategy carried out in the case of the sym-
metric square Symm2 of Bring’s curve is in the appendix by Netan Dogra. Bring’s
curve is the smooth projective genus 4 curve in P4 defined as the locus of common
zeros of the following system of equations:

(1.2)

⎧⎪⎨
⎪⎩
x1 + x2 + x3 + x4 + x5 = 0,

x2
1 + x2

2 + x2
3 + x2

4 + x2
5 = 0,

x3
1 + x3

2 + x3
3 + x3

4 + x3
5 = 0.

It has no real points and thus no rational points. However, there are a number of
points defined over Q(i), such as (1 : i : −1 : −i : 0). The natural question is to
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find all quadratic points on Bring’s curve. Dogra proves that all quadratic points
are defined over Q(i) and produces the complete list of Q(i)-rational points.

Section 2 concentrates on Ogg’s torsion conjectures and the results that have
emerged that are relevant to them. In Section 3 we review the broad uniformity
conjectures (and results) that have evolved from that work. Section 4 is a dis-
cussion of the more recent method of Chabauty, Coleman, and Kim designed to
compute rational points on curves by p-adic considerations; we focus specifically on
the results achieved by this method for computation of rational points on specific
families of modular curves.

2. Torsion and isogenies

2.1. Ogg’s torsion conjectures (1973). Ogg’s torsion conjectures taken in broad
terms can be formulated in terms of “the geometrizations,” as just described—i.e.,
in terms of Q-rational points of modular curves—and the Mordell–Weil groups of
abelian varieties (i.e., of their Jacobians).

2.1.1. Q-Rational torsion.

Conjecture 1 (Ogg). An isomorphism class {C} of finite groups occurs as the
torsion subgroup of the Mordell–Weil group of some elliptic curve (defined over Q)
if and only if the modular curve that classifies this problem is of genus zero.2

Put in another way, an isomorphism class occurs if and only if it is expected to
occur; i.e., if it necessarily occurs, as a consequence of the ambient geometry—this
view being a continuing guiding inspiration for number theory.

By “geometry” one means the (algebraic) geometry of the curve X0(N). For
example, Ogg’s article [81] discusses the curious case of X0(37) which has two
noncuspidal Q-rational points, these being the images of the hyperelliptic involution
(a nonmodular involution) applied to the two cusps, both cusps being Q-rational.3

Ogg comments:

“As Mazur and I are inclining to the opinion that Y0(N) has no
Q-rational points except for a finite number of values of N , we are
certainly interested in knowing when this sort of thing is going on,
and in putting a stop to it if at all possible.”

2.1.2. Q-rational cyclic isogenies. There are two different proofs of Conjecture 1.
A major step in one of these proofs of Conjecture 1 is the full classification of
Q-rational cyclic isogenies of prime degree; this is proved in [69].

Theorem 2.1. Let N be a prime number such that some elliptic curve over Q

admits a Q-rational N-isogeny. Then

N = 2, 3, 5, 7, 13 (the genus zero cases)

2A form of this conjecture was made by Beppo Levi in his 1908 ICM address in Rome. See [93],
which gives a wonderful account of the story of Levi’s engagement with (and his important results
about) the arithmetic of elliptic curves—all this being even before Mordell proved that the group
of rational points of an elliptic curve over Q is finitely generated. Levi considers the tactic of
producing multiples of a rational point on an elliptic curve {n · P} n = 1, 2, 3, . . . a “failure” if it
loops finitely—i.e., if P is a torsion point; his aim is to classify such “failures.”
3See Section 4.4.



OGG’S TORSION CONJECTURE: FIFTY YEARS LATER 239

or

N = 11, 17, 19, 37, 43, 67, or 163.

This result was followed by a sequence of papers of M. A. Kenku [55–58] that
extends the classification to cyclic isogenies of any degree.

Theorem 2.2. The Q-rational cyclic isogenies of degree N of elliptic curves defined
over Q only occur—and do occur—if 1 ≤ N ≤ 19 or if N = 21, 25, 27, 37, 43, 67,
or 163.

Following in the spirit of Ogg’s original view of torsion points, all of these N -
isogenies have “geometric reasons” for existing; e.g., the 37-isogenies come by ap-
plying the hyperelliptic involution (it is nonmodular!) to the cusps of X0(37).

2.1.3. Rational torsion points on the Jacobians of modular curves. Noting that the
cusps of X0(N) map to torsion points of its Jacobian, J0(N), denote by C0(N) ⊂
J0(N)tors ⊂ J0(N) the subgroup generated by those cusps.

Cusps in X0(N)

C0(N) X0(N)

J0(N)tors J0(N)

We have another, seemingly quite different type of conjecture.

Conjecture 2. Let N be a prime number. We have:

C0(N) = J0(N)tors(Q) ⊂ J0(N)(Q).

Put in another way, there are no “unexpected” Q-rational torsion points in
J0(N): they all come from cusps.

Conjectures 1 and 2 are known. For Conjecture 1, see [68, Theorem 8] and
[69, Theorem 2]. For Conjecture 2, see [69, Theorem 1]. (Also see the broad
survey of rational torsion results in Andrew Sutherland’s work [98].) That these
conjectures are interlinked is a long story, as we discuss in Section 2.2.

2.1.4. Conjecture 1. Letting Cn denote the cyclic group of order n, the complete list
of possible (isomorphism classes of) finite groups that occur as torsion subgroups
of the Mordell–Weil group of Q-rational points of elliptic curves are

• Cn with 1 ≤ n ≤ 10, and also C12, and
• the direct sum of C2 with C2m, for 1 ≤ m ≤ 4.

All these torsion groups occur infinitely often over Q, since the corresponding
modular curves are all genus zero curves possessing a rational point.4

Remark 2.3. Thanks to the work of Löıc Merel [75], Joseph Oesterlé and Pierre
Parent [89], and others, we have neat explicit upper bounds for the order of torsion
points on elliptic curves over number fields of degree d. For surveys of this work,
see [32] and [98].

4See [100] where it is proved that each of these groups appears as a possible torsion group over
any quadratic field.
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2.2. The connection between algebraic torsion on elliptic curves and ra-
tional torsion on abelian varieties related to elliptic curves. The easiest
way to explain this is to follow the ideas of [69, Proof of Conjecture 1], rather than
the ideas in the earlier and quite different proof in [67].

To set things up, let N be a prime number such that X0(N) is of genus greater
than 0 and let J/Z be the Néron model of the Jacobian of X0(N) over Q. Let

X0(N)smooth
/Z

ι
↪−� J/Z

be the smooth locus of the Zariski closure of X0(N)Q in J/Z, the embedding being
defined by sending the cusp ∞—viewed as the Z-valued section e ∈ X0(N)/Z—to
the “origin section” of J/Z.

An elliptic curve E with a cyclic isogeny of degree N over Q is represented by a
noncuspidal Spec Z-valued section, x, of X0(N)smooth

/Z and hence (via ι) also of the

Néron model J/Z of the Jacobian of X0(N) over Q.
Suppose that such a rational point x exists and denote by x̄ its image under

the Atkin–Lehner involution wn : X0(N) � X0(N), the involution that exchanges
the two cusp sections 0 and ∞ of X0(N). Neither x nor x̄ are cuspidal sections of
X0(N)smooth

/Z . Articles [68] and [69] construct and discuss a specific smooth group

scheme A/Z that is an optimal quotient5 of J/Z for which these two properties are
proven:

(1) The generic fiber AQ of AZ is an abelian variety with finite Mordell–Weil
group—i.e., A(Q) consists of rational torsion—and hence the image under f of any
Z-valued section of X0(N)smooth

/Z is either trivial, or else generates a cyclic finite

flat subgroup of A/Z; and
(2) The following diagram

x X0(N)smooth
/Z J/Z

e X0(N)smooth
/Z A/Z

f

f

has the property that

(i) the mapping f : X0(N)smooth
/Z −� A/Z is a formal immersion along the

cuspidal section e, and
(ii) the diagram

X0(N)
f ��

wN

��

A

−1

��
X0(N)

f �� A

commutes, where “−1” denotes the involution z �� z−1.

So, by (i), f is a formal immersion along both cusp sections. It follows that the
image α := f(x) ∈ A(Z) is either

• the section defining the origin in the group scheme A/Z, or else

5The group scheme A is the relevant Eisenstein quotient—cf. [69]. The term “optimal quotient”
means that the kernel of J/Z � A/Z is a connected group scheme.
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• is the generating section of a (nontrivial) cyclic finite flat subgroup scheme
over Z, call it G/Z ⊂ A/Z.

By the classification of such group schemes we have that either G/Z is a
constant (nontrivial) group scheme, or else G/Z � μ2 (μ2 ⊂ Gm being the
kernel of multiplication by 2 in the multiplicative group scheme Gm).

These possibilities also hold, of course, for the “conjugate section” ᾱ := f(x̄) ∈
A(Z): it is either the trivial section or it generates a finite flat group scheme
Ḡ/Z ⊂ A/Z that is either a constant group scheme or μ2.

Lemma 2.4. Neither α nor ᾱ are the trivial section of A/Z.

Proof. Since f is a formal immersion along the cuspidal sections if α or ᾱ were the
trivial section we would be led to a contradiction, as illustrated by the following
diagram (taken from [69, p. 145]): in that the image of the two depicted sec-
tions would converge onto the origin section of A contradicting formal smoothness
along e. �

Figure 2. Contradiction: Intersection with the trivial section.

So α and ᾱ are generators of nontrivial group schemes G and Ḡ, respectively,
these being either constant or μ2.

• If G and Ḡ are constant group schemes, then α and ᾱ are sections of A
over Z disjoint (as schemes) from the trivial section of A and therefore x
and x̄ are disjoint (as schemes) from the cuspidal sections of X0(N)/Z. It

follows that the elliptic curves E and Ē that are classified by x and x̄ have
potentially good reduction everywhere.

• And if α or ᾱ generates a subgroup isomorphic to μ2, since μ2 is étale
outside the prime 2 it follows that E or Ē would have potentially good
reduction except for the prime 2.

Even though this is just the start of a sketch of [69, Proof of Conjecture 1], from
what we have just described, we can prove the following theorem.

Theorem 2.5. The only prime numbers N for which there exist elliptic curves
over Q with rational torsion points of order N are:

N = 2, 3, 5, 7.
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Proof. First, note that X1(N) is of genus 0 for N = 2, 3, 5, 7, so there are infinitely
many elliptic curves with rational torsion points of order N for these primes. That
list of primes and 13 are precisely the primes for which X0(N) is of genus 0. Since
the curious prime N = 13 is taken care of by [72], where it is proven that there are
no rational points of order 13 on elliptic curves over Q, to prove the theorem we
may suppose N to be different from N = 2, 3, 5, 7, 13; equivalently, that X0(N) is
of genus greater than 0, so the discussion above applies.

In particular, we assume that E is an elliptic curve over Q, of potential good
reduction away from p = 2, and possessing a rational point of order N = 11 or
N ≥ 17, where N is a prime. Since it has such a rational point, the Néron model
of E over Z contains a constant subgroup scheme Z isomorphic to Z/(N · Z).

For p, a prime, let Ep denote the fiber at the prime p of the Néron model of
E, so Ep is a group (scheme) of finite order over the prime field Fp. Since the
specialization of Z to Ep defines N distinct Fp-rational points of Ep it follows that

(2.1) N divides |Ep(Fp)|.

If p > 2, since E is of potentially good reduction, in the terminology of the theorem
of Kodaira and Néron (cf. [97, Appendix C, Section 15, Table 15.1 and Theorem
15.2]) we have that Ep is not of multiplicative type—i.e., of type Iν or I∗ν for any
ν > 0. So, either

• p is a prime of good reduction for E, or
• it is of additive reduction.

If E has additive reduction at p (i.e., the Néron fiber at p is of one of the types
II, III, IV, or I∗0, II∗, III∗, or IV∗; see [97, Table 15.1]) then Ep is an extension of
the additive group Ga over Fp by a finite group of order ≤ 4. In particular |Ep(Fp)|
is divisible by p and is ≤ 4p. It follows that Equation (2.1), applied to the prime
p = 3, already shows that E cannot have additive reduction at p = 3 for the primes
N we are considering, so it must have good reduction—i.e., be an elliptic curve—at
p = 3. But since any elliptic curve over F3 has at most seven F3-rational points,
we see by (2.1) that N is either 2, 3, 5, or 7. �

A significantly more detailed outline of the proof of Conjecture 1 is given as
[69, Steps 1–4, pp. 132–33]—the full proof itself being in the body of that paper.

3. Boundedness of torsion and isogenies

in more general contexts

Conjecture 1, having been completely resolved in the case of elliptic curves, has
inspired more general uniform boundedness expectations for rational points. E.g.,
for abelian varieties A over number fields K; conjectures that the order of the
torsion group of an abelian variety over a number field can be bounded in terms of
the dimension of the variety and the number field; and still stronger versions: that
the torsion is bounded in terms of the dimension of the variety and the degree of
the number field.

Moreover, it is striking how few additional isomorphism classes of K-rational
torsion subgroups of elliptic curves can occur in elliptic curves over quadratic and
cubic number fields K.
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3.1. Torsion on elliptic curves over quadratic and cubic number fields.

Theorem 3.1 (Momose, Kenku, and Kamienny [44–49, 53, 54, 58–60, 77, 78]). Let
K range through all quadratic number fields, and E all elliptic curves over these
fields. Then the torsion subgroup E(K)tors of E(K) is isomorphic to one of the
following 26 groups:

• Cn for 1 ≤ n ≤ 18, n �= 17,
• the direct sum of C2 with C2m for 1 ≤ m ≤ 6,
• the direct sum of C3 with C3m for m = 1, 2,
• C4 ⊕ C4.

Theorem 3.2 (Derickx, Etropolski, Van Hoeij, Morrow, and Zureick-Brown [33]).
Let K range through all cubic number fields and E all elliptic curves over these
fields. Then the torsion subgroup E(K)tors of E(K) is isomorphic to one of the
following 26 groups:

• Cn for 1 ≤ n ≤ 18, n �= 17,
• the direct sum of C2 with C2m for 1 ≤ m ≤ 7,
• C20, C21.

There exist infinitely many Q-isomorphism classes for each such torsion subgroup
except for C21. In this case, the base change of the elliptic curve with LMFDB label
162.c3 to Q(ζ9)

+ is the unique elliptic curve over a cubic field K with K-rational
torsion group isomorphic to C21.

3.1.1. Conjecture 2 expanded and related to cuspidal subgroups.

• The order of the C0(N) had been computed for square-free N thanks to
Kubert and Lang [64] and Takagi [99]. In this case (i.e., N square-free) the
set of cusps are Q-rational.

• Ohta [86,87] has proved a generalization of this conjecture in the context of
square-free N . That is, he proved that the p-primary parts of J0(N)tors(Q)
and of C0(N) are equal for p ≥ 5 and p = 3 if 3 does not divide N .

Related to this, see [66], [30], [104], [90], and [91]. And very recently the
PNAS article [92] Another look at rational torsion of modular Jacobians by
Ken Ribet and Preston Wake appeared, giving another approach to this
issue.

• In the more general context of N not square-free, the cuspidal subgroup of
J0(N) may not consist entirely of rational points; nevertheless, we get the
following.

Conjecture 2∗.
J0(N)tors(Q) = C0(N)(Q) ⊂ C0(N).

3.1.2. Conjecture 2 further expanded. Let X be a modular curve (over Q) and J
the Jacobian of X. Let

C ⊂ J
be the finite étale subgroup scheme of J generated by the cusps. Let K/Q be the
field cut out by the action of Galois on C. Thus there is an exact sequence

0 � Gal(Q/K) � Gal(Q/Q) � Aut(C(Q)).

Define the cuspidal defect of X to be the cokernel of

(3.1) C(Q) = C(K) ↪−� J (K)tors.

https://www.lmfdb.org/EllipticCurve/Q/162/c/3/
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Conjecture 2∗∗. Let X be either X0(N) or X1(N) for some N ≥ 1. The “cuspidal
defect” of X is trivial.

3.2. Remarkable “Diophantine stability”.

Definition 3.3. Let L/K be an extension of (number) fields, and V an algebraic
variety defined over K. Denote by V (K) the set of K-rational points of V . Say
that V is Diophantine stable for L/K or L/K is Diophantine stable for V if
the inclusion V (K) ↪� V (L) is an isomorphism, i.e., if V acquires no new rational
points after passing from K to L.

Note that Theorem 3.1 tells us the following corollary.

Corollary 3.4. For all but finitely many positive numbers N , the curve Y1(N)
(over Q) is Diophantine stable for all quadratic extensions L/Q.

This is striking and suggests that Diophantine stability is a common feature.6

Consider the following theorem.

Theorem 3.5 ([70, Theorem 1.2]). Suppose A is a simple abelian variety over K
and all K-endomorphisms of A are defined over K. Then there is a set S of rational
primes with positive density such that for every � ∈ S and every n ≥ 1, there are
infinitely many cyclic extensions L/K of degree �n such that A(L) = A(K).

If A is an elliptic curve without complex multiplication, then S can be taken to
contain all but finitely many rational primes.

And this is surely not the last word regarding the extent of Diophantine stability,
specifically if the base field K is Q and if A = E, an elliptic curve over Q. We
conjecture that any such E is Diophantine stable for all but finitely many Galois
extensions of prime degree greater than 5.

3.3. “Expected” and “unexpected” L-rational cyclic isogenies for L rang-
ing through quadratic fields. What about uniformity results regarding cyclic
N -isogenies of elliptic curves ranging over all quadratic fields? This question has
been addressed in [15] and generalized to arbitrary number fields in [13].

One source of uniformity theorems consists of consequences of a general theorem
of Faltings.

Theorem 3.6. Let A be an abelian variety defined over a number field L. Any
closed subvariety of A defined over L which is the Zariski-closure of its set of L-
rational points is a finite union of translates of abelian subvarieties of A.

This was first proved by Faltings [37] following [36]; see also [74]. Techniques
of [36] have, as their starting point, Vojta’s proof [102] of the classical Mordell
conjecture; see also [103]. For further discussion of this in the context of gener-
alization(s) of the classical Mordell conjecture—with references listing the people
who also worked on this—see [73].

A corollary of a theorem of Faltings combined with [42] is the following.

Corollary 3.7 (Faltings, Harris and Silverman). Let K be a number field and X
a curve defined over K. Then X is Diophantine stable for all but finitely many
quadratic extensions L/K unless X is

6Filip Najman suggested that one might add a comment that the Diophantine Stability phenom-
enon of Corollary 3.4 holds more generally over number fields of any degree, given the results re-
ferred to in Remark 2.3.
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• of genus 0 or 1, or
• hyperelliptic or bielliptic (over K).7

Proof. Assume that X is not of genus 0 or 1, or hyperelliptic or bielliptic. So the
genus of X is ≥ 3. Let Div0(X) denote the group of divisors of degree zero in X;
let A := Pic0(X) and consider the natural diagram

Symm2(X)
ι ��

j

����
���

���
���

�
Div0(X)

π

��
A

where

• for {x1, x2} ∈ Symm2(X) define

ι : {x1, x2} �� [x1] + [x2] − 2 · [0] in Div0(X),

and
• for D ∈ Div0(X) define

π : D �� its linear equivalence class in Pic0(X) = A.

Isolated
points

Possible curve
of genus 0

Symm2(x)

Possible curves
of genus 1

Figure 3. Types of rational points on Symm2(X0(N))—ignoring
the possible existence of abelian surfaces.

Noting that the connected components of the fibers of π and of j are (essentially, by
definition) rational varieties—and that since X is assumed to be nonhyperelliptic,
Symm2(X) contains no rational curve—it follows that we have an injection j :
Symm2(X) ↪� A. Let W ⊂ A denote the image of Symm2(X) in A (under the
injection j). Since X is of genus ≥ 3, W is a proper subsurface in A. If it contained
an elliptic curve, then X would be bielliptic [42], but since that is not the case, W
contains no (positive-dimensional!) abelian subvarieties—so by Faltings’s theorem

7See also the discussion and [43, Theorem 1.3], which handles the case when X is a double cover
of an elliptic curve of positive rank.



246 J. S. BALAKRISHNAN AND B. MAZUR

it has only finitely many K-rational points, establishing the corollary. (Compare
with [43, Theorem 1.3].) �

3.3.1. Isolated quadratic points. Call the set of quadratic points of X that are not
among (infinite) systems of parametrized quadratic points isolated points. (See
[20, Definition 4.1] and [101, Definition 3.1] for the precise definitions and for im-
portant relevant discussion. See also [42, 43].)

Infinite systems of parametrized quadratic points deserve to be called “expected
quadratic points (over K) in X” given the geometry of the situation.

But when X = X0(N) for some N and K = Q there may also be a few other

points of X0(N) over quadratic imaginary fields Q(
√
d) of class number 1; i.e.,

d = −1,−2,−3,−7,−11,−19,−43,−67,−163

that deserve the title “expected”. Namely, if E is an elliptic curve over Q that is
CM with CM field K := Q(

√
d) (with d in the above list), then for any positive

integer N with the property that all of its prime divisors are (unramified and) split
in K, E has a K-rational cyclic isogeny of degree N ; hence it is classified by a
K-rational point of X0(N). Such a point is therefore also “expected”.

3.3.2. Sporadic quadratic points.

Definition 3.8. Call a quadratic point of X0(N) sporadic (quadratic)8 if

• it is not a cusp; and
• is isolated; in particular,

– if it is not the inverse image of a Q-rational point in P1 via a hyper-
elliptic covering (i.e., a degree 2 mapping X0(N) � P1), in the case
where X0(N) is hyperelliptic, and

• is not a point of X0(N) classifying a CM elliptic curve and cyclic isogeny
of degree N as described above.

See Figure 3 for an illustration of these points.

Conjecture 3.9. Ranging over all curves X0(N) for N ∈ Z≥1 there are only
finitely many sporadic quadratic points.

Surely all of us agree with the spirit of the quotation of Ogg’s view regarding
rational torsion in Section 2.1. That is, we are interested “in knowing when this
[sporadic quadratic points] sort of thing is going on, and in putting a stop to it if
at all possible.”

Thanks to the recent work of a number of people, the sporadic quadratic points
of all of the curves X0(N) that are hyperelliptic or bielliptic have been computed,
as we will discuss in the next section.

Sheldon Kamienny made the following comment:

“The existence of sporadic points always left me scratching my head.
Do they fit into a framework, or is it just nature being unkind?”

3.4. Sporadic quadratic points on hyperelliptic X0(N). A classical theorem
of Ogg [81] gives the nineteen values of N for which X0(N) is hyperelliptic (we take

8Note that this differs from the concept sporadic given in [20, Definition 4.1(4)].
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hyperelliptic to require that the genus is > 1).

N : 22 23 26 28 29 30 31 33 35 37
genus: 2 2 2 2 2 3 2 3 3 2

N : 39 40 41 46 47 48 50 59 71
genus: 3 3 3 5 4 3 2 5 6

The levels N that appear in boldface above are those values of N such that
X0(N) is bielliptic as well as hyperelliptic. All sporadic quadratic points for any
of those modular curves X0(N) (except for X0(37)) have been computed by Peter
Bruin and Filip Najman in their article [23] (which has other interesting results
as well). The case of X0(37) is taken care of in Josha Box’s paper [21, Section 4],
in which all sporadic quadratic points have also been computed for the curves
X0(N) with N = 43, 53, 61, 65, these being bielliptic curves covering elliptic curves
of positive Mordell–Weil rank.

Proposition 3.10 (Bars [15]). These are the values of N for which X0(N) is of
genus > 1 and bielliptic (over Q).

Table 1. Values of N for which X0(N) is of genus > 1 and biel-
liptic (over Q)

22 26 28 30 33 34 35 37 38 39 40 42 43 44 45 48 50
51 53 54 55 56 60 61 62 63 64 65 69 72 75 79 81 83
89 92 94 95 101 119 131

Until very recently, there remained a dozen entries in Table ?? for which we did
not know the set of their isolated quadratic points. Thanks to Filip Najman and
Borna Vukorepa [79], we now have computation of the isolated quadratic points for
all bielliptic curves X0(N) (as we also do for all hyperelliptic X0(N)).

3.5. Exceptional quadratic points. Let N be prime, and wN : X0(N) � X0(N)
the Atkin–Lehner involution. This involution is given by sending a pair (represent-
ing a point in X0(N))

(E,CN
α
↪� E)

—consisting of an elliptic curve E and CN a cyclic subgroup of order N—to the
pair

(E′, C ′
N

α′

↪� E′).

Here, E′ := E/CN and C ′
N := E[N ]/CN (where E[N ] is the kernel of multipli-

cation by N in E).
Forming the quotient

X+
0 (N) := X0(N)/action of wN ,

we get the double cover

X0(N)
π

−� X+
0 (N).

Definition 3.11. For N an integer where X+
0 (N) is of genus > 1,
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(1) call a Q-rational point of X+
0 (N) exceptional if it is neither a cusp nor a

point classifying a CM elliptic curve;
(2) call a quadratic point P of X0(N) exceptional if it is not defined over Q

(i.e., it is an honest quadratic point) and the image of P in X+
0 (N) is an

exceptional Q-rational point.

Exceptional points deserve the adjective, since they have the intriguing structure
of a duo of cyclic N -isogenies:

E E′ and E′ E.N N

This structure can also be combined into a single abelian surface defined over Q:

A := E × E′

endowed with an endomorphism

“
√
N” : (x, y) �� (α′(y), α(x)).

What tools do we have to compute the exceptional Q-rational points on X+
0 (N)?

4. The method of Chabauty, Coleman, and Kim

The classical method of Chabauty and Coleman (see Section 4.2) computes a
usable bound for the number of rational points on a curve X (of genus > 1) provided
that the rank r of the Mordell–Weil group of the Jacobian of X is strictly less than
its genus g.

But the Birch and Swinnerton-Dyer conjecture predicts that (for N prime) the
rank r+0 (N) of J+

0 (N)(Q), the Mordell–Weil group of the Jacobian of X+
0 (N), is

greater than or equal to g+0 (N), the genus of X+
0 (N). So this classical method

cannot be brought to bear here.
Computationally, we have many examples where there is actual equality:

r+0 (N) = g+0 (N).

(Indeed, this is true for all N < 5077 for which g+0 (N) > 1.) Happily, for exactly
such cases—i.e., for curves X of genus > 1 with r = g—we have the more recent
quadratic Chabauty–Coleman–Kim method that offers a new approach to compute
the set of all Q-rational points.9 For example, see [6–9] (and Section 4.3). Indeed,
there are also two new viewpoints on quadratic Chabauty: the geometric perspec-
tive of Edixhoven and Lido [34] and the (p-adic) Arakelov theoretic one of Besser,
Müller, and Srinivasan [16]. We will say more about these in the following section.

The list of curves X+
0 (N) of genus 2 or 3 with N prime is a result of Ogg. We

have the following theorem.
Theorem (Ogg). For N prime, X+

0 (N) is of genus 2 if and only if

N ∈ {67, 73, 103, 107, 167, 191}
and it has genus 3 if and only if

N ∈ {97, 109, 113, 127, 139, 149, 151, 179, 239}.

9We think it is reasonable to conjecture that the average value of the ratios

r+0 (N)

g+0 (N)

is 1; e.g., as N ranges through prime values; are these ratios bounded?



OGG’S TORSION CONJECTURE: FIFTY YEARS LATER 249

Elkies and Galbraith [38] found exceptional rational points on X+
0 (N) for N =

73, 91, 103, 191 and N = 137, 311 (which are of genus 4). In [8], it was shown that
the only prime values of N with X+

0 (N) of genus 2 or 3 that have an exceptional
rational point are N = 73, 103, 191 (all genus 2). In particular, for prime N , if
X+

0 (N) is of genus 3, it has no exceptional rational points. Adžaga, Arul, Beneish,
Chen, Chidambaram, Keller, and Wen [2] showed that the only prime values of N
with X+

0 (N) of genus 4, 5, or 6 that have an exceptional rational point are N = 137
and 311. Thus, for all of the above values of N , we have a complete understanding
of the exceptional quadratic points on X0(N).

We will briefly discuss the work of [2] on the genus 4 curve X+
0 (311). Using

the canonical embedding, a model for X+
0 (311) is given by the following equations

in P3:

X2 + WY − 2XY + 2Y 2 + 7XZ − 8Y Z + 13Z2 = 0,

WX2 − 2WXY + X2Y −WY 2 −XY 2 − 2Y 3 + W 2Z + 6WXZ

−X2Z −WY Z + 5XY Z + 4Y 2Z + 7WZ2 − 4XZ2 − 2Z3 = 0.

Using quadratic Chabauty (see Section 4.3) at p = 5 on a plane model, they
show that there are precisely five rational points on the curve.

Table 2. There are five rational points on the curve using qua-
dratic Chabauty at p = 5 on a plane model.

rational point on X+
0 (311) type of point

(1: 0 : 0 : 0) cusp
(1: − 1: − 1: 0) CM, D = −11
(1: 2 : − 1: − 1) CM, D = −19
(2: 0 : − 1: 0) CM, D = −43

(6: 8 : − 1: − 2) exceptional

Galbraith [38] had earlier computed that the j-invariant of the Q-curve corre-
sponding to the exceptional point is

j = 31244183594433270730990985793058589729152601677824000000

± 1565810538998051715397339689492195035077551267840000
√

39816211853.

See also the survey article [40] (and [38, 39]) in which exceptional points found
by Elkies and Galbraith are defined and studied in the context of Q-curves; and
for the list of the seven known exceptional N -isogenies, these being rational over a
quadratic field of discriminant Δ in Table 3.
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Table 3. Seven known exceptional N -isogenies, which are rational
over a quadratic field of discriminant Δ.

N g Δ
73 2 −127
91 2 −3 · 29
103 2 5 · 557
125 2 509
137 4 −31159
191 2 61 · 229 · 145757
311 4 11 · 17 · 9011 · 23629

By the work of [2, 4, 5, 7, 8] this gives a complete list of exceptional isogenies
arising from rational points on the curves X+

0 (N) of level N and genus at most 6.
Are these the only exceptional isogenies?

4.1. The method of Chabauty. The aim of this classical method is to prove
finiteness of the set of Q-rational points of a curve X of genus g > 1 under the
assumption that the rank r of the Mordell–Weil group of the Jacobian J of X is
small; specifically, if it is strictly less than g.

One can assume that X has at least one Q-rational point, for otherwise the job
is done. Choosing a rational point b ∈ X(Q), form the Abel–Jacobi embedding

ib : X � J

P �� [(P ) − (b)].

For any prime p viewing J(Qp) as a p-adic analytic group (of dimension g)
containing the Mordell–Weil group J(Q) as subgroup, denote by Γp ⊂ J(Qp) the
topological closure of J(Q) in J(Qp) noting that, given our hypothesis, its dimension
is at most r, which is less than g. We have

X(Q) Γp

X(Qp) J(Qp).
ib

ib

X(Qp) is a (proper) p-adic analytic subvariety of J(Qp) that generates J(Qp)
as a p-adic analytic group. It follows that X(Qp) is not contained in the proper
subgroup Γp. Since X(Qp) ∩ Γp is a closed proper subvariety of the 1-dimensional
compact variety X(Qp), it must be compact and have dimension zero and therefore
be finite. Hence X(Q) is finite.

How can one make this method effective? We describe how this can be done in
the next section.

4.2. The method of Chabauty as augmented by Coleman. The Chabauty–
Coleman method [27] is one of our most practical tools for actually computing the
finite set of rational points on a curve X of genus greater than 1 defined over the
rationals, subject to the same Chabauty condition; namely that the Mordell–Weil
rank r of the Jacobian of the curve is strictly less than its genus.
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Robert Coleman constructed, in the above conditions, a p-adic analytic function
φ on the p-adic analytic variety Xan

/Qp
such that the zeroes of φ on X(Qp) are

• reasonably computable (to any approximation),
• finite in number, and
• include X(Q).

The construction of such a φ uses Coleman’s p-adic abelian integrals on the Jacobian
of the curve.

Let X be a curve (of genus g > 1) defined over the rationals and let J be
its Jacobian. Now fix a prime p of good reduction for X and a rational point
b ∈ X(Q). Consider, as before, the Abel–Jacobi embedding ib : X � J given
by P �� [(P ) − (b)]. Coleman [26, 28] proved that there is a p-adic line integral on
holomorphic differentials on the curve satisfying several nice properties (linearity in
the integrand, additivity in endpoints, pullbacks under rigid analytic maps, Galois
compatibility). The map

J(Qp) ×H0(XQp
,Ω1) � Qp

(Q,ω) �� 〈Q,ω〉
is additive in Q, is Qp-linear in ω and is given by

〈Q,ω〉 = 〈[D], ω〉 =:

∫
D

ω

for D ∈ Div0(X) with Q = [D]. Then

〈ib(P ), ω〉 =

∫ P

b

ω.

The embedding ib induces an isomorphism of g-dimensional vector spaces

H0(JQp
,Ω1) � H0(XQp

,Ω1),

giving us the pairing

J(Qp) ×H0(JQp
,Ω1) � Qp

(Q,ωJ ) ��

∫ Q

0

ωJ .

This gives a homomorphism

log : J(Qp) � H0(JQp
,Ω1)∗,

where log is the logarithm on the p-adic Lie group J(Qp), and we have the following
diagram:

(4.1)

X(Q) X(Qp)

J(Q) J(Qp) H0
(
JQp

,Ω1
)∗ � H0(XQp

,Ω1)∗.
log

Recall that under the hypothesis r < g, the intersection

X(Qp)1 := X(Qp) ∩ Γp,

and, consequently, X(Q) is finite. Coleman gave a technique to compute X(Qp)1
by his construction of p-adic integrals that vanish on Γp; in particular, considering
an integral of an annihilating differential ω, a holomorphic differential such that
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〈P, ω〉 = 0 for all P ∈ J(Q), then computing the zero locus of this integral on
X(Qp). Bounding the number of zeros of this integral via fairly elementary p-adic
analysis (for good p > 2g) yields the bound

#X(Q) ≤ #X(Qp)1 ≤ #X(Fp) + 2g − 2.

In Section 4.4, we give a worked example of the Chabauty–Coleman method.

4.3. The method of Chabauty, Coleman, and Kim. The construction above
crucially uses an assumption that the rank of the Jacobian is small relative to the
genus. Nevertheless, there are many interesting curves where this hypothesis is not
satisfied, including a number of modular curves we have already seen.

In a series of papers [61–63], Minhyong Kim laid out a program to extend the
Chabauty–Coleman method by relaxing the condition on Mordell–Weil rank, going
beyond the abelian confines of the Jacobian, replacing it with a sequence of Selmer
varieties, which are carved out of unipotent quotients of πét

1 (XQ)Qp
, the Qp-étale

fundamental group of XQ with base point b.

Remark 4.1. We will consider unipotent groups U over Qp. These are algebraic
groups over Qp possessing a filtration such that the successive graded pieces are
isomorphic to the additive group Ga. By a Qp-unipotent group we will mean a topo-
logical group isomorphic to U(Qp); such a group is a locally compact topological
group that admits a filtration where the successive subquotients of the filtration
are topological groups isomorphic to finite-dimensional Qp-vector spaces. By a
Qp-pro-unipotent group we mean a projective limit of Qp-unipotent groups.

A Qp-Malcev completion (G −� G) of a topological group G is the universal
solution to the problem of mapping G to Qp-pro-unipotent groups.

The Qp-étale fundamental group is the Qp-Malcev completion (see [41, Appen-
dix A]) of the usual étale fundamental group.

We first recast the Chabauty–Coleman method (see also [31], [11]) using p-
adic Hodge theory, which adds an extra row of compatibilities to diagram (4.1).
Let V = H1

ét(XQ,Qp)
∗ and VdR := H1

dR(XQp
)∗, viewed as a filtered vector space

with filtration dual to the Hodge filtration. We have an isomorphism VdR/F
0 �

H0(XQp
,Ω1)∗. Let T be the set of primes of bad reduction of X, together with

the prime p. Let GQ,T be the Galois group of the maximal unramified-outside-T
extension of Q. Let Gp denote the absolute Galois group of Qp. Then the étale
formulation of Chabauty–Coleman is given by the following diagram, where the last
row is of Bloch–Kato Selmer groups [19]

(4.2)

X(Q) X(Qp)

J(Q) J(Qp) H0(XQp
,Ω1)∗

H1
f (GQ,T , V ) H1

f (Gp, V ) HdR
1 (XQp

)/F 0.

log

ib

�
�

Let Un denote the maximal n-unipotent quotient of πét
1 (XQ,b)Qp

. We have that
U1 = V and U2 is a central extension

1 −� coker(Qp(1)
∪∗
−−� ∧2V ) −� U2 −� V −� 1.
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Suppose that U is a Galois-stable quotient of Un. Kim defined global and local
unipotent Kummer maps jU and jU,v such that the following diagram commutes:

X(Q)
∏

v∈T X(Qv)

H1(GQ,T , U)
∏

v∈T H1(Gv, U).

jU
∏

jU,v
∏

locv

Kim proved that the nonabelian pointed cohomology sets H1(GQ,T , U) and

H1(Gv, U) are affine algebraic varieties over Qp. Motivated by the classical study of

Selmer groups, he then refined H1(GQ,T , U) by local conditions to produce a closed
subscheme. Such a closed subscheme is a Selmer scheme. We may now give an
adapted version [9] of the definition of a Selmer variety.

Definition 4.2. The Selmer variety Sel(U) is the reduced scheme associated to
the subscheme of H1(GQ,T , U) containing those classes c such that

• locp(c) is crystalline,
• loc�(c) ∈ jU,�(X(Q�)) for all � �= p,

• the projection of c to H1(GQ,T , V ) comes from an element of J(Q) ⊗Qp.

Now the Selmer variety gives rise to the following interesting set of points

X(Qp)U := j−1
U,p (locp(Sel(U))) ⊂ X(Qp),

and note that

(4.3) X(Q) ⊂ X(Qp)n := X(Qp)Un
⊂ X(Qp)U .

The set X(Qp)n can be computed in terms of n-fold iterated Coleman integrals,
and one has a series of refinements

X(Q) ⊂ · · · ⊂ X(Qp)n ⊂ X(Qp)n−1 ⊂ · · · ⊂ X(Qp)2 ⊂ X(Qp)1.

Note that the set X(Qp)1 is the Chabauty–Coleman set from before. We refer to
the points in X(Qp)n as the set of Selmer points of level n. We call the points
in X(Qp)n \X(Q) the set of mock-rational Selmer points of level n. Kim has
conjectured that for n � 0, the set X(Qp)n is finite. This conjecture is implied by
the conjecture of Bloch and Kato [19].

Putting everything together, Kim’s program studies finiteness of X(Qp)U using
p-adic Hodge theory and the following diagram is the nonabelian generalization of
diagram (4.1):

X(Q) X(Qp)

Sel(U) H1
f (Gp, U) UdR/Fil0.

jU jU,p jdRU

locU,p �

Computing the depth-2 Selmer set (or a slightly larger finite set containing it),
known as quadratic Chabauty, has seen progress in recent years [6–9], via aspects of
the theory of p-adic height functions [29,80]. The quadratic Chabauty set X(Qp)2
is finite for those curves that satisfy the rank bound [9]

r < g + ρ− 1,
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where ρ := rank(NS(J)) is the Néron–Severi rank of the Jacobian over Q. To
carry out the quadratic Chabauty method, one uses a nontrivial element of
ker(NS(J) � NS(X)) to construct a nonabelian quotient U of U2, which is used to
compute X(Qp)U .

Samir Siksek [96] showed that modular curves of genus 3 or more have ρ at
least 2, and consequently, for these curves, quadratic Chabauty allows one to con-
sider Jacobians of higher rank than allowed by Chabauty and Coleman. Balakr-
ishnan, Dogra, Müller, Tuitman, and Vonk [6,7] made various aspects of quadratic
Chabauty computationally practical using explicit p-adic cohomology to compute a
certain (global) p-adic height of Nekovář [80], depending on a choice of a nontrivial
element of ker(NS(J) � NS(X)).

Roughly speaking, the method starts from the following observation: the global
p-adic height admits a decomposition as a sum of local heights; a local height at p
that can be computed using p-adic Hodge theory and a finite sum of local heights
away from p that, in certain favorable conditions, can be shown to be trivial—or, if
not trivial, at least a quantity that can be computed from the geometry of a regular
model of the curve. We will discuss this in more detail in the case of bielliptic genus
2 curves in Section 4.5.

Moreover, the global p-adic height is a quadratic form on H0(X,Ω1)∗. Choosing
an explicit basis for the space of quadratic forms in terms of Coleman integrals
and knowing sufficiently many rational points (either on X or on J) and their p-
adic heights, one can compute a locally analytic function whose zero locus contains
X(Qp)2.

Recently, various new perspectives on the Chabauty–Coleman method and qua-
dratic Chabauty have emerged; “symmetric Chabauty” introduced by Siksek [95],
a geometric quadratic Chabauty method introduced by Edixhoven and Lido [34],
and the p-adic Arakelov theoretic method of Besser, Müller, and Srinivasan [16]:

• Siksek gave a symmetric Chabauty method [95], a variant of the Chabauty–
Coleman method (see Section 4.2) for symmetric powers of curves. Sym-
metric Chabauty has been used and extended in various ways to deter-
mine quadratic points on numerous modular curves X0(N) [3, 21, 79, 88].
Box, Gajović, and Goodman [22] further developed a “partially relative”
symmetric Chabauty method to study cubic and quartic points on several
modular curves X0(N).

• In geometric quadratic Chabauty, Edixhoven and Lido [34] used line bundles
over the Jacobian, the Poincaré torsor (a biextension of the Jacobian by
Gm), and models over the integers to study rational points under the same
rank bound hypothesis.

• Besser, Müller, and Srinivasan [16] gave a new construction of p-adic heights
on varieties over number fields using p-adic adelic metrics on line bundles in
the spirit of Zhang’s work on real-valued heights using adelic metrics [106].
This led them to formulate p-adic Arakelov quadratic Chabauty.

We will not discuss these works in detail in this survey.

4.4. Rational points on X0(37): Three perspectives. As a concrete applica-
tion of the techniques discussed so far, we present here three perspectives on rational
points on the modular curve X0(37). For further discussion, see [71, Section 5]; and
for more, see [21, Section 5].

https://www.lmfdb.org/Genus2Curve/Q/1369/a/50653/1
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The modular curve X := X0(37) is of genus 2 and therefore is hyperelliptic.
Denote by

X0(37)
σ

−� X0(37)

its hyperelliptic involution, and by

X0(37)
w

−� X0(37)

its Atkin–Lehner involution. The involutions σ and w commute, generating a Klein
group G of automorphisms. The automorphisms 1, w, σ, wσ are defined over Q and
are the only automorphisms of X0(37) over C (see [85]).

Form the quotients

(4.4) X0(37)

i0

������
����

����
����

x

��

i1

�����
����

����
����

�

E0 := X0(37)/〈σ · w〉 P1
/Q � X0(37)/〈σ〉 E1 := X0(37)/〈w〉.

Each Ej is a genus one curve, and we consider each as an elliptic curve with
identity element ij(∞). By the Riemann–Hurwitz formula, the ramification locus
of each of the double covers:

X0(37)
i0−� E0(4.5)

and

X0(37)
i1−� E1(4.6)

are Q-rational (effective) divisors of degree two.

• D0 := {η0, η̄0} ⊂ X0(37)—for (4.5).
• D1 := {η1, η̄1} ⊂ X0(37)—for (4.6).

In particular, D1 is the fixed point set of w and D0 is the fixed point set of wσ.
Note that (since σ commutes with w) each of these involutions (σ,w,wσ) pre-

serves D1 and D0. The involution wσ interchanges the points η1, η̄1. So their
image e0 ∈ E0—which is therefore the image of a Q-rational divisor in X0(37)—is
Q-rational. Consequently, {η1, η̄1} either consists of a pair of Q-rational points10

or a conjugate pair of quadratic points in X0(37).
For the same reason, the involution w preserves the ramification divisor of wσ

and interchanges the points η0, η̄0, and, therefore, their image e1 ∈ E1 is Q-rational.
A visit to the L-Functions and Modular Forms Database11 (LMFDB) [65] will

tell you that we have:

• E0 is the elliptic curve

37.b2 : y2 + y = x3 + x2 − 23x− 50.

Its Mordell–Weil group is of order 3.
• E1 is the elliptic curve

(4.7) 37.a1 : y2 + y = x3 − x.

It has Mordell–Weil rank 1, and its group of Q-rational points is isomorphic
to Z.

10That is not the case; see Lemma 4.4.
11See the sidebar of Related Objects on LMFDB.

https://www.lmfdb.org/Genus2Curve/Q/1369/a/50653/1
https://www.lmfdb.org/EllipticCurve/Q/37/b/2
https://www.lmfdb.org/EllipticCurve/Q/37/a/1
https://www.lmfdb.org/Genus2Curve/Q/1369/a/50653/1
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4.4.1. The Chabauty–Coleman method gives finiteness. Let J0(37) denote the Ja-
cobian of X0(37). We have:

X0(37) J0(37)

E0 × E1

φ
i0×i1

where i0, i1 are (as above) the modular parametrization of E0, E1, and

φ : J0(37) � E0 × E1

is an isogeny. Since {E0 × E1}(Q) is—by the data above—a group isomorphic to
Z × Z/3Z (contained in a cyclic group of order three times the elliptic curve E1)
we see that the Zariski closure of the group of Q-rational points J0(37)(Q) is an
algebraic subgroup in J0(37) of codimension 1, so can intersect only finitely with
X0(37)—giving that X0(37)(Q) is finite.

4.4.2. The projection to E0 gets us the precise set of Q-rational points. The cusp
∞ ∈ X0(37) is a Q-rational point, as are the four points

(4.8) S = G · ∞ = {∞, w(∞) = the cusp 0, σ(∞), σ(0)}.

Theorem 4.3. These are the only four Q-rational points on X0(37).

Proof. Returning to the mapping of degree two

X0(37)(Q)
i0−� E0(Q),

since E0(Q) is cyclic of order three, we see that

• the pair {∞, σw(∞) = σ(0)} maps to the origin in E0(Q) and
• the pair {0, σw(0) = σ(∞)} maps to a (nonzero) point e ∈ E0(Q).
• Recalling that the pair {η1, η̄1} discussed above maps to e0 ∈ E0(Q) and

noting that e0 cannot be any of the above two Q-rational points of E0, it
must be the third Q-rational point, giving us

e0 = 2e = −e ∈ E0(Q).

These three bullet points show that

i−1
0 (E0(Q)) = S ∪ {η1, η̄1}.

12Note that the LMFDB gives a different “simplified” model of X0(37) which can be seen to be
isomorphic to ours, using the following Magma commands:
> R<x> :=PolynomialRing(RationalField());

> X37v1 :=HyperellipticCurve(x^6 + 8*x^5 - 20*x^4 + 28*x^3 - 24*x^2 +12*x - 4);

> X37v2 :=HyperellipticCurve(-x^6 - 9*x^4 - 11*x^2 + 37);

> IsIsomorphic(X37v1,X37v2);

true Mapping from: CrvHyp: X37v1 to CrvHyp: X37v2

with equations :

1/2*$.1 - $.3

1/2*$.2

1/2*$.1

and inverse

$.3

1/4*$.2

-1/2*$.1 + 1/2*$.3
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Since

X0(37)(Q) ⊂ i−1
0 (E0(Q)),

it is enough to show that η1, η̄1 /∈ X0(37)(Q). This is established in Lemma 4.4,
completing the proofs. �

Lemma 4.4. The pair of points {η1, η̄1} ∈ X0(37)(Q̄) are Q(
√

37)-conjugate points

defined over Q(
√

37) and not over Q.

Proof. The involutions σ and w of X0(37) are easily described in terms of the
model12 of X0(37) given by

(4.9) y2 = g(x) := −x6 − 9x4 − 11x2 + 37,

as found by Mazur and Swinnerton-Dyer in [71, §5.1]. We have:

(a) (x, y)
σ
�� (x,−y),

(b) (x, y)
w
�� (−x, y), and

(c) (x, y)
wσ
�� (−x,−y).

The proof of (c) follows from (a) and (b) by composition.
The proof of (a) is simply that the quotient of the involution (x, y) ��(x,−y) is

of genus zero as is clear from the equation; so that involution is the hyperelliptic
involution σ.

The proof of (b) follows from considering the following model13 (over Q) for the

expression of X0(37) as the double cover X0(37)
i1−� E1 = X0(37)+ over Q:

(4.10) X0(37) :

i1

��

y2 = −x6 − 9x4 − 11x2 + 37

E1 : v2 = −u3 − 9u2 − 11u + 37.

u=x2;v=y

��

Since {η1, η̄1} consists of the fixed points of the involution w, we have

{η1, η̄1} = {(0,±
√

37)},
from which it follows that

wσ : (0,±
√

37) �� (0,∓
√

37)

and, therefore,

i0(η1) = i0(η̄1) = i0(0,+
√

37) = i0(0,−
√

37) ∈ E0(Q);

i.e., it is a Q-rational point of E0, which can be neither i0(∞) nor i0(0) so must be
the third Q-rational point.

13This alternative model of E1 can be checked to be isomorphic to (4.7), using the following Magma

commands:
> P<u,v,z> :=ProjectiveSpace(Rationals(),2);

> C :=Curve(P, v^2*z - (-u^3-9*u^2*z-11*u*z^2+37*z^3));

> pt :=C![1,4,1];

> E :=EllipticCurve(C,pt);

> E1 :=EllipticCurve([0,0,1,-1,0]);

> IsIsomorphic(E1,E);

true
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4.4.3. The Chabauty–Coleman method would also give us the set of Q-rational
points. Since J0(37) ∼ E0 × E1, we have

rankJ0(37)(Q) = rankE0(Q) + rankE1(Q) = 1,

where the ranks of the elliptic curves E0, E1 were earlier found in LMFDB. Since
the rank of J0(37)(Q) is less than the genus of the curve X := X0(37), we may
carry out the Chabauty–Coleman method on (4.9) to compute the set X(Q). We
use the prime p = 3 and take {dx

y , x dx
y } as our basis of H0(X,Ω1).

Searching in a box for rational points of small height, one finds the points
(±1,±4) ∈ X(Q). The point P := [(1,−4) − (−1, 4)] ∈ J0(37)(Q) is nontorsion,
since the 3-adic Coleman integral of a holomorphic differential along this point is
nonzero:

∫ (1,−4)

(−1,4)

x dx

y
= 32 + 2 · 33 + 34 + 2 · 35 + 37 + O(39).

Moreover,
∫ (1,−4)

(−1,4)
dx
y = O(39). In fact,

∫ (1,−4)

(−1,4)
dx
y is identically 0, as can be seen

by applying the involution wσ to the integrand and the endpoints of involution.
Thus we may take dx

y as our annihilating differential. The curve X over F3 has the

following rational points

(0, 1), (0, 2), (1, 1), (1, 2), (2, 1), (2, 2) ∈ XF3
(F3),

which correspond to the residue disks over which we carry out our computation.
Fixing as our basepoint (−1, 4) ∈ X(Q), we start in the residue disk correspond-

ing to (0, 1). We take the point S0 = (0, y0) in the residue disk, where y0 ∈ Z3 is
the unique square root of 37 that satisfies y0 ≡ 1 (mod 3). We compute our local
coordinate at S0: since x = 0, we take x(t) = t. Then y(t) correspondingly is found
by applying Hensel’s lemma to produce the 3-adic power series expansion of the
square root

y(t) =
√
g(x(t)),

=
√
−t6 − 9t4 − 11t2 + 37,

which yields the following:

St = (t,−3788 + (2159 + O(310))t2 − (15737 + O(310))t4+

− (23833 + O(310))t6 + (746 · 33 + O(310))t8 + O(t10))

=: (x(t), y(t)).

We now wish to compute the zeros of the power series I(3T ), where

I(T ) =

∫ S0

(−1,4)

dx

y
+

∫ ST

S0

dx(t) dt

y(t)
.
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Using the 3-adic power series expansions calculated for x(t), y(t) above, as well as
the value of the Coleman integral between (−1, 4) and S0, this yields

I(3T )=
(
3 + 33 + 2 · 34 + 2 · 35 + 36 + 37 + 2 · 38 + 39 + 310 + O(311)

)
T

+
(
32 + 2 · 34 + 2 · 35 + 37 + 2 · 38 + 2 · 39 + 310 + O(312)

)
T 3

+
(
36 + 37 + 2 · 38 + 39 + 310 + 311 + 2 · 313 + 2 · 314 + O(315)

)
T 5

+
(
38 + 2 · 39 + 310 + 2 · 311 + 2 · 312 + 2 · 313 + 2 · 315 + O(317)

)
T 7

+
(
37 + 2 · 38 + 2 · 310 + 2 · 311 + 312 + 314 + 2 · 316 + O(317)

)
T 9

+ O(T 10),

which has precisely one zero at T = 0, corresponding to S0, which we can identify
as (0,

√
37).

Continuing in this way, parametrizing each residue disk by a local coordinate
and computing the zeros of the corresponding I(3T ) in each residue disk, we find
that

X(Q3)1 = {(0,±
√

37), (±1,±4)},
from which we immediately produce

X(Q) = (±1,±4).

Remark 4.5. It was fairly lucky that X(Q3)1 = {(0,±
√

37), (±1,±4)} and was not
much larger. Finding a small good prime p such that there are no mock-rational
Selmer points—or where the mock-rational points are easily recognized algebraic
points—may be an issue. By the Weil bound, we know that #X(Fp) grows linearly
as p grows. So if we had used a larger prime p in the Chabauty–Coleman method, we
would expect more p-adic points in X(Qp)1 and we may not be able to immediately
recognize these extra points.

4.5. Quadratic points on bielliptic curves of genus 2 using quadratic
Chabauty. In the previous section, we considered the problem of determining
the finitely many rational points on X0(37). We could also study the finite sets
X0(37)(K) for various other number fields K, one number field at a time. Or, we

could further study Symmd(X0(37))(Q), as described in Part 1, which would tell
us about all degree d points on X0(37).

We start by considering X0(37)(K) for a fixed quadratic field K. If the rank of
J0(37)(K) is now 2, and if this is because the rank of E0(K) increases to 1—recall
from Section 4.4 that the rank of E0(Q) is 0—then the Chabauty–Coleman method
no longer applies. However, since X0(37) is bielliptic and genus 2, we can use the
method of [9], which gives a particularly explicit description of quadratic Chabauty
functions (an elaboration of the case n = 2 in Section 4.3) using p-adic height
functions and double Coleman integrals on elliptic curves, for bielliptic genus 2
curves. We describe this below in some generality, and then use it to study rational
points on X0(37) over K = Q(i).

Let K = Q or a quadratic imaginary extension, and let X/K be a genus 2
bielliptic curve

y2 = x6 + a4x
4 + a2x

2 + a0,

with ai ∈ K. Let C1 and C2 be the elliptic curves over K defined by the equations

C1 : y2 = x3 + a4x
2 + a2x + a0, C2 : y2 = x3 + a2x

2 + a4a0x + a20,
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and let f1 : X � C1 be the map that sends (x, y) to (x2, y) and f2 : X � C2 be
the map that sends (x, y) � (a0x

−2, a0yx
−3).

We will be considering the case where the Mordell–Weil ranks of C1 and C2 over
K are equal to 1. Letting J denote the Jacobian of X we have that the rank of J
over K is 2. The natural mapping defined over K

(4.11) Symm2(X) � J

(i.e., setting p = 2 in Equation (1.1)) is

• an isomorphism if X is not hyperelliptic, or is
• an isomorphism in the complement of an exceptional fiber E ⊂ Symm2(X)

isomorphic to P1 over K if X is hyperelliptic.

In other words, all quadratic points of X over K are parameterized, in an appro-
priate sense, either by J(K), if X is not hyperelliptic, or by J(K) together with
the isomorphism E � P1(K), if X is hyperelliptic.

These parametrizations are neat, and explicit, but they still leave untouched the
question: For a given quadratic field K what—exactly—is the finite set X(K)? We
want to use quadratic Chabauty to answer such questions.

Fix some auxiliary choices, including an idèle class character χ : Gab
K � Qp.

Define Z1, Z2 ⊂ X × X to be the graphs of the automorphisms g1 : (x, y) ��
(−x, y) and g2 : (x, y) �� (−x,−y), respectively. We take as our correspondence
Z := Z1 − Z2. When K = Q fix a prime p = (p) to be a prime of good ordinary
reduction. When K is imaginary quadratic, take p to be a rational prime that splits
as pp where both p and p are primes of good ordinary reduction.

Let hC1
and hC2

denote the global p-adic height functions associated to the
choices made above and hCi,p the respective local height at p, with the global
height written as the sum of local heights

hCi
=

∑
v

hCi,v.

Suppose C1(K) and C2(K) each have Mordell–Weil rank 1, and let Pi ∈ Ci(K) be
points of infinite order. Let

αi =
hCi

(Pi)

[K : Q] logCi
(Pi)2

.

Let Ω denote the finite set of values taken by

−
∑
v�p

(hC1,v(f1(zv)) − hC2,v(f2(zv)) − 2χv(x(zv)))

for (zv) ∈
∏

v�p X(Kv). Then X(K) is contained in the finite set of z ∈ X(Kp) cut

out by the quadratic Chabauty function

hC1,p(f1(z)) − hC2,p(f2(z)) − 2χp(x(z)) − α1 logC1
(f1(z))

2 + α2 logC2
(f2(z))

2 ∈ Ω,

where

logCi
(Q) =

∫ Q

∞

dx

2y
,

the single Coleman integral we saw in the Chabauty–Coleman method (with ∞
denoting the point at infinity on the corresponding elliptic curve) and

hCi,p(z)

is a double Coleman integral.
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Remark 4.6. Over K = Q(i), the elliptic curves 37.a1 and 37.b2 each have rank 1.
The computation in [9] applies quadratic Chabauty as described above at the primes
p = 41, 73, 101 to produce, for each prime p, a finite superset of p-adic points
containing X(K). This is then combined with another method, the Mordell–Weil
sieve, to give

(4.12) X0(37)(K) = {(±2i,±1), (±1,±4),∞,0}.

4.5.1. Explicitly determining quadratic points. Quadratic Chabauty for bielliptic
curves over Q was subsequently refined by Bianchi [17] using p-adic sigma functions
in place of double Coleman integrals. This was recently extended by Bianchi and
Padurariu [18], where an implementation was given to study rational points on all
rank 2 genus 2 bielliptic curves in the LMFDB, including the Atkin–Lehner quotient
curve X0(166)∗ := X0(166)/〈w2, w83〉 (with LMFDB label 13778.a.27556.1), as well
as the Shimura curve X0(10, 19)/〈w190〉.

Using a slight extension of their work to K = Q(i), as done in [10], one can use
a smaller prime to carry out the computation of a finite set containing the depth 2
Selmer set for X0(37). (Recall Definition 4.2.) We carried out this computation for
p = 13 and recovered the points (±2i,±1), (±1,±4), and ∞,0. But lurking within
the set of depth 2 Selmer points we also found the algebraic points (±

√
−3,±4),

these being initially observed 73-adically in [9]. We also found several other mock-
rational Selmer points, such as

(5 + 8 · 13 + 12 · 132 + 4 · 133 + 2 · 134 + 3 · 135 + O(136),

1 + 3 · 13 + 3 · 132 + 9 · 133 + 12 · 134 + 5 · 135 + O(136)).

See Banwait, Najman, and Padurariu [14] for an extensive discussion—and for
results—regarding quadratic points on X0(N). In particular, they show that

X0(37)(Q(
√
d)) = X0(37)(Q)

for

d = −6846,−2289, 213, 834, 1545, 1885, 1923, 2517, 2847, 4569,

6537, 7131, 7302, 7319, 7635, 7890, 8383, 9563, 9903.

We could continue by varying the quadratic fields K; and in principle, if the rank
is not too large, apply the Chabauty–Coleman method, quadratic Chabauty or
variations thereof—possibly combining with other Diophantine techniques—to de-
termine the K-rational points on X0(37). But, eventually, the ranks outpace our
current collection of Diophantine tools. For instance, over K = Q(

√
−139), a

Magma computation reveals that the elliptic curve E0 has rank 3, as does E1, and so
J0(37)(K) here altogether has rank 6, making it a challenge for existing methods.

Now indeed, since X0(37) is hyperelliptic, it has infinitely many quadratic points.
Nevertheless, one can describe all quadratic points on X0(37) using the Symm2

perspective and the maps to the various quotients of X0(37) in diagram (4.4), as
was done by Box [21]. The hyperelliptic covering map x : X0(37) � P1 is one
source of infinitely many rational points, and the rank 1 elliptic curve quotient
E1 is another source of infinitely many rational points. Finally, the elliptic curve
quotient E0 gives three rational points, and Box pieced together these three sources
of rational points to describe Symm2(X0(37))(Q), as below.

https://www.lmfdb.org/EllipticCurve/Q/37/a/1
https://www.lmfdb.org/EllipticCurve/Q/37/b/2
https://www.lmfdb.org/Genus2Curve/Q/13778/a/27556/1


262 J. S. BALAKRISHNAN AND B. MAZUR

The x-map gives us all points

{(xi,
√
g(xi)), (xi,−

√
g(xi))} ∈ Symm2(X0(37))(Q),

where xi ranges through all rational numbers. We can find P1 ∈ X0(37)(Q(
√
−3)),

such that [P1 + P1 −∞− 0] generates the free part of the Mordell–Weil group of
J0(37)(Q), and we have the points P1,0 := {P1, P1} and P0,1 := {∞, w(0)}. Finally,

for any (a, b) ∈ Z × Z/3Z \ {(0, 0)}, there is a point Pa,b ∈ Symm2(X0(37)(Q))
defined by the unique effective degree 2 divisor P such that

P −∞− 0 ∼ aP1,0 + bP0,1 − (a + b)(∞ + 0)

for any lift of b to Z.

Appendix A. Quadratic points on Bring’s curve

by Netan Dogra

We consider Bring’s curve, the smooth projective genus 4 curve X in P4 given
as the locus of common zeros of the following system of equations:

(A.1)

⎧⎪⎨
⎪⎩
x1 + x2 + x3 + x4 + x5 = 0,

x2
1 + x2

2 + x2
3 + x2

4 + x2
5 = 0,

x3
1 + x3

2 + x3
3 + x3

4 + x3
5 = 0.

From the quadratic defining equation of Bring’s curve, we see that X(R) = ∅,
so we have that X(Q) = ∅. However, considering the curve instead over K = Q(i),
we see several K-rational points: for instance, all permutations of the coordinates
of the points (1 : ±i : −1 : ∓i : 0) are in X(Q(i)). Could there possibly be more
points?

Proposition A.1. The only quadratic points on Bring’s curve are over Q(i), and
up to permutation of coordinates, they are (1 : ±i : −1 : ∓i : 0).

The automorphism group of X is the symmetric group S5, given by permutation
of the five coordinates. Using the action of S5 on X, one can see that the Jacobian
J of X is isogenous to E4 [94, Section 8.3.2], where E is the rank zero elliptic curve
with LMFDB label 50.a3. Since Bring’s curve is not hyperelliptic, the map

Symm2(X) ↪� Pic0(X)

is injective, and since Pic0(X)(Q) is finite it follows that there are only finitely
many quadratic points on Bring’s curve.

There is also a simple description of a map Symm2(X) � E4 with finite fibers.
The quotient of Bring’s curve by the involution swapping two coordinates is iso-
morphic to the curve

E′ : x3 + y3 + 1 + x2y + y2x + x2 + y2 + xy + x + y = 0

by projecting the three non-permuted coordinates to P2. This is isomorphic to the
elliptic curve

E : y2 + 5x3 + 5x2 + 4 = 0 (LMFDB label 50.a3)

via

(x, y) ��

(
2

1 + 2x + 2y
,

4(y − x)

1 + 2x + 2y

)
.

https://www.lmfdb.org/EllipticCurve/Q/50/a/3
https://www.lmfdb.org/EllipticCurve/Q/50/a/3
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We have E(Q) = {∞, (−2,±4)}. The S3-action on E′ corresponds to the action of
E(Q) and −1 on E.

Now fix a quadratic point P = (x0 : x1 : x2 : x3 : 1) on Bring’s curve. Up to
an S3 permutation, we may assume it maps to ∞ in E after quotienting by the
involution switching x0 and x1. Suppose σ generates the Galois group of the field
of definition of P . Let x = x2 and y = x3. Then

y − x

1 + 2x + 2y
= − σy − σx

1 + 2σx + 2σy
.

This reduces to the equation

Tr(y) + 4Nm(y) = Tr(x) + 4Nm(x).

Thus quadratic points on Bring’s curve are 5-tuples (x1 : x2 : x3 : x4 : x5) of
quadratic points in P5 satisfying, for all i1, i2, i3 ⊂ {1, 2, 3, 4, 5},

∏
σ∈S3

(Tr(xiσ(1)
/xiσ(3)

) + 4Nm(xiσ(1)
/xiσ(3)

)

− Tr(xiσ(2)
/xiσ(3)

) − 4Nm(xiσ(2)
/xiσ(3)

)) = 0.

Up to the S5-action, we may reduce to finding tuples (x1, x2, x3, x4) defining a
quadratic point (x1 : x2 : x3 : x4 : 1) on Bring’s curve and satisfying

Tr(x1) + 4Nm(x1) = Tr(x2) + 4Nm(x2),

and either

Tr(x1) + 4Nm(x1) = Tr(x3) + 4Nm(x3),

Tr

(
1

x1

)
+ 4Nm

(
1

x1

)
= Tr

(
x3

x1

)
+ 4Nm

(
x3

x1

)
,

or

Tr

(
1

x3

)
+ 4Nm

(
1

x3

)
= Tr

(
x1

x3

)
+ 4Nm

(
x1

x3

)
.

Write each quadratic point xi = ui +wi, where ui and wi are in plus and minus
eigenspaces for the Galois involution. These equations define a finite scheme over
Q, and one may check that its rational points correspond exactly to the quadratic
points in the statement of the proposition.
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